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Electron fractionalization induced dephasing in Luttinger liquids
Karyn Le Hur
De´partement de Physique The´orique, Universite´ de Gene`ve, CH-1211, Gene`ve 4, Switzerland.
Using the appropriate fractionalization mechanism, we correctly derive the temperature (T)
and interaction dependence of the electron lifetime τF in Luttinger liquids. For strong enough
interactions, we report that (TτF ) ∝ g, with g ≪ 1 being the standard Luttinger exponent; This
reinforces that electrons are not good quasiparticles. We immediately emphasize that this is of
importance for the detection of electronic interferences in ballistic 1D rings and carbon nanotubes,
inducing “dephasing” (strong reduction of Aharonov-Bohm oscillations).
PACS. 73.23.-b - Electronic transport in mesoscopic systems
PACS. 71.10.Pm - Fermions in reduced dimensions (anyons, composite fermions, Luttinger liquid, etc.)
Introduction.— Recently, Pham et al. reconsidered the spectrum of the Luttinger liquid (LL), originally un-
derstood in terms of plasmons (density fluctuations) [1], and within the context of bosonization gave an alternative
and precise description in terms of “fractional quasiparticles” [2]. These correspond to genuine excitations of LLs
with non-zero charge or/and current with respect to the ground state (with no plasmon excited). The most famous
example is the charge-1/3 excitation for the fractional Quantum Hall effect at filling ν = 1/3, revealed in resonant
tunneling and shot-noise type experiments [3]. These could also be observed in carbon nanotubes [4]. The current
of one-dimensional (1D) quantum wires is naturally carried by fractional modes [5,6]. More precisely, if one injects
an extra spinless right-moving electron at a time t = 0 at a point x = 0, this will irrefutably decompose into two
counter-propagating modes (the true quasiparticles), namely a charge Q+ = (1 + g)/2 state going to the right at the
plasmon velocity u and a charge Q− = (1 − g)/2 state going to the left at the velocity −u; g < 1 is the Luttinger
parameter depending on interactions between electrons [2,6]. An electron does not propagate at the Fermi velocity.
Here, we are concerned by deriving an appropriate definition of the electron lifetime τF in LLs (at a finite temper-
ature T), taking into account that “fractionalization” is the main source of (intrinsic) electron decoherence [7]. We
already stress that τF is the time needed for the propagator of the counter-going mode Q− to vanish at the position
of the right-going mode Q+, i.e., at x ≈ uτF : The probability amplitude to find the electron -i.e., the two modes
simultaneously- at a distance close to the decoherence length LF = uτF , then vanishes. We will show that
τ−1F = piT(
g + g−1
2
− 1). (1)
For strong enough interactions, we find (TτF )≪ 1 yielding that an electron is not a good (Landau) quasiparticle in
1D. Remember the main difference with a two-dimensional (2D) Fermi liquid, where τF is rather the time over which
a thermally excited electron (here, a Landau quasiparticle) simply loses its phase coherence due to collisions with
other electrons; In 2D, τ−1F ∝ T 2 lnT nicely statisfies the standard Fermi liquid criterion (TτF ) ≫ 1. The electron
lifetime will be also investigated in the case of fermions with spin.
This work is relevant for the understanding of Aharonov-Bohm (AB) type experiments in mesoscopic 1D inter-
ferometers. We show that the probability of electronic interferences through a ballistic ring with a four-terminal
geometry, described by a Luttinger theory, will be reduced by a factor exp(−2τˆ/τφ) where τφ = τF ; τˆ is the time that
an electron spends in each arm of the ring. Like for 2D (clean) Fermi liquids [8], the “dephasing” time τφ is a key
parameter determining the electron lifetime; We keep the traditional word dephasing time to name τφ in the formula
above even though in LLs the latter is related to the electron fractionalization (orthogonality catastrophe) and not to
loss of phase coherence [9]. Recent experiments on 1D small ballistic rings [10] and on multi-walled carbon nanotubes
in the quasi-ballistic regime [11] report a phase-breaking time τφ ∝ 1/T , in agreement with our prediction.
Fractional Quasiparticles.— First, we consider spinless fermions in 1D (e.g., electrons in strong magnetic field).
The whole physics is embodied in the Luttinger bosonized Hamiltonian [1]
HLut =
u
2
∫ L
0
dx
1
g
(∂xφ)
2 + g(∂xθ)
2. (2)
The electron system of size L is first governed by density fluctuations (bosons), or plasmons. The mode φ is related to
the electron density (ρ−ρo) = −∂xφ/
√
pi (ρo is the mean density) and θ is the usual superfluid phase. The parameter
u = vF /g depicts the plasmon velocity and g measures the strength of the interaction between electrons; For free
electrons g = 1 (u = vF ) and for repulsive interactions g < 1. But, in fact, we have the more generic expansions [1]:
1
θ(x) = θ0 +
√
pi
L
Jx+
1√
L
∑
q 6=0
θq exp iqx, (3)
φ(x) = φ0 −
√
pi
L
Qx+
1√
L
∑
q 6=0
φq exp iqx,
where J and Q (integral) describe the current and the charge which are eventually injected in the (electron) system
above the ground state: This also allows fractional non-bosonic excitations in LLs which can be nicely identified using
the chiral separation Θ± = θ ∓ φ/g [2]; The index ± refers to the direction of propagation (right/left). Then,
HLut = H+ +H− =
ug
4
∫ L
0
dx (∇Θ+)2 + (∇Θ−)2, (4)
with [H+, H−] = 0. The equations of motion u∂xΘ± = ∓∂tΘ± guarantee Θ±(x, t) = Θ±(x ∓ ut). From Eq.(4), the
non-bosonic part of the Hamiltonian reads H± = (upi/Lg)Q±
2 with Q± = (Q ± gJ)/2 and the true quasiparticles
-associated to Q 6= 0 and/or J 6= 0- are simply described by the (chiral vertex) operators
LQ±± (x, t) = exp[−i
√
piQ±Θ±(x, t)]. (5)
Their Fourier transforms are indeed exact eigenstates of H± [2]. Remember that in LLs, a quasiparticle carries an
irrational charge Q± = (Q ± gJ)/2. In pure current processes (i.e., Q = 0) we get Q± = ±gJ/2. This traduces
that J/2 pairs of Laughlin quasiparticle and quasihole with charge ±g and velocity u, are generated and the true
current reads JR = g(uJ) [5]. Such quasiparticles with charge-1/3 have been revealed using resonant tunneling and
shot-noise experiments in Quantum Hall fluids for filling factor ν = g = 1/3 [3]. Below, we are rather interested in
other fractionally-charged excitations. We add an extra right-going spinless electron at the position x = 0 at the time
t = 0: This is a mixed Q = 1 (charge) and J = 1 (current) excitation, with no plasmon excited. According to Eq.(5),
this electron decomposes into a charge Q+ = (1 + g)/2 state going to the right and a charge Q− = (1 − g)/2 state
moving to the left. This “splitting” process guarantees a short decoherence time for the electron at finite temperature.
Electron lifetime.— Now, we precisely build the latter in an appropriate manner. First, the electron operator at
x = 0 at t = 0 must be rewritten in terms of the good quasiparticles
Ψ†+(0, 0) = exp [− i
√
pi(−φ+ θ)(0, 0)] = L
1+g
2
+ (0, 0) · L
1−g
2
− (0, 0). (6)
We check that the electron is a good eigenstate only for g = 1: Q+ = 1 and Q− = 0. Below, we investigate how
the wave packets associated to the two counter-propagating “fractons” evolve in space and time. For that issue, we
compute their Green’s functions. At a finite temperature T (β = 1/T ), we find the following bosonic correlators
< Θ±(x, τ)Θ±(0, 0)−Θ±(x, τ)2 > = 1
gpi
ln( pi/(uβ)
sin(piβ [τ ∓ i xu ])
), (7)
where τ = it is the usual Matsubara time (We neglect finite size effects). This results in
< (L
1+g
2
+ )
†(x, τ)L
1+g
2
+ (0, 0) > = exp(pi (1 + g)
2
4
< Θ+(x, τ)Θ+(0, 0)−Θ+(x, τ)2 >) (8)
= [ pi
(uβ)
]
γ+1
[ sin(pi
β
[τ − ix
u
])]
−γ−1
.
For convenience, we have redefined γ = −1/2 + (g + g−1)/4 > 0. Similarly, we get
< (L
1−g
2
− )
†(x, τ)L
1−g
2
− (0, 0) > = [
pi
(uβ)
]
γ
[ sin(pi
β
[τ + i
x
u
])]
−γ
. (9)
This provides us a clear understanding of the right-going electron Green’s function [1], as:
< Ψ+(x, t)Ψ
†
+(0, 0) > = < (L
1+g
2
+ )
†(x, t)L
1+g
2
+ (0, 0) > × < (L
1−g
2
− )
†(x, t)L
1−g
2
− (0, 0) > . (10)
This identification is in fact essential to correctly evaluate the electron lifetime in LLs; See note in [12].
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More precisely, the right-moving fractional charge Q+ = (1 + g)/2 propagates at the plasmon sound velocity u. Its
Green’s function indeed possesses a resonance for τ = ix/u (t = x/u). Thus, in a time t > 0, Q+ will be located
at a certain position x ≈ ut. On the other hand, the probability amplitude that the counter-propagating charge
Q− = (1 − g)/2 reaches the same position x > 0 (close to ut) at the time t, decreases exponentially with time at
finite temperature:
< (L
1−g
2
− )
†(x, t)L
1−g
2
− (0, 0) > |x→ut>0 ∝ [ sinh(
pi
β
2t)]
−γ ≈ exp(−pi
β
2γt). (11)
Such a decay for x ≈ ut > 0 simply traduces that the mode Q− goes to the left. Using Eq.(10), we find that at the
time τF , defined as
τ−1F =
pi
β
2γ = −∂t ln < (L
1−g
2
− )
†(x, t)L
1−g
2
− (0, 0) > |x→ut, (12)
the probability amplitude to recombine the electron at a point close to the decoherence LF = uτF , vanishes [13]:
G+(x→ ut, t) = < Ψ+(x, t)Ψ†+(0, 0) > |x→ut ≈ e−t/τF ×Go+(x→ ut, t). (13)
Here, Go+ refers to the Green’s function in the absence of fractionalization. Remember that the temporal (exponential)
decay of the overlap between the right moving and the left moving fractons is taken to define the electron lifetime τF .
In the above equation, we get the constraint x → ut highlighting the fact that fractional charges propagate at the
plasmon velocity, and not at the Fermi velocity vF [7]. This is equivalent to rewrite Ψ+(x, t) =
∑
q cq(t)e
−t/τF eiqx;
the annihilation operator cq(t) evolves like in a Fermi gas [13] and the sum is restricted to the states in the vicinity
of the Fermi level. Each level-q close to the Fermi level then acquires the same decoherence time: τF = (2piγT )
−1.
This is the correct lifetime for a spinless electron in LLs.
Application.— Now, we like to repeat that this work is of special importance for the analysis of AB type experi-
ments in ballistic 1D interferometers. For simplicity, a four-terminal geometry is assumed and contacts are supposed
to be perfect [14]. Here, an injected electron can enter either of the two arms of the ring, and then may interfere with
itself; To compute the probability of electronic interferences through such a ballistic ring we can simply use the follow-
ing Landauer type formula rewritten in our many-body language: T (Φ) = 2ℜe(G∗+1(L, τˆ )G+2(L, τˆ ) exp(2ipiΦ/Φo)),
where Φ is the magnetic flux enclosed to the ring and Φo is the flux quantum. The propagator G+j(L, τˆ ) naturally
corresponds to the electron transmission amplitude (at the Fermi energy) through each arm (j = 1, 2) of size L in
the semi-classical time τˆ ≈ L/u. We neglect dynamical effects assuming T ≫ ω (frequency). We have absorbed the
magnetic flux in a standard manner by rescaling G+j=1,2(L, τˆ ) → exp(∓ipiΦ/Φo)G+j(L, τˆ). This takes into account
the phase accumulated by the total electron in the ring [1]. When each arm of the ring is described by a Luttinger
theory (due to interactions), then from Eq.(13) this leads to G+j(L, τˆ ) ∝ exp(−τˆ/τφ) = exp(−L/Lφ) where τφ = τF
and Lφ = LF ∝ 1/T . Thus, due to electron fractionalization (in each arm), T (Φ) will be diminished by a factor
exp(−2τˆ/τF ) = exp(−2L/LF ). The related conductance then reads
G(Φ) = (e2/h)T (Φ) ∝ e−2piγTL/u cos(2piΦ/Φo). (14)
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FIG. 1. Inverse of the electron lifetime (normalized to piT ) as a function of the interaction parameter g, for zero- and strong
magnetic fields. We also draw the weak-coupling approximation (g → 1) of the dephasing time recently computed in Ref.[14]
for a ballistic ring capacitively coupled to side-gates; Here, the Luttinger exponent obeys g−2 = 1 + e2νF/c, where c is the
gate-arm capacitance per unit length and νF = 1/(pivF ) the density of states at the Fermi level [15].
3
Like for 2D (clean) Fermi liquids [8], the electron lifetime strongly reduces AB oscillations. This may explain the
recent experiments by Hansen et al. in ballistic 1D rings [10] and by Scho¨nenberger et al. in multi-walled carbon
nanotubes in the quasi-ballistic regime [11]. We agree on the approximation of the dephasing time made in Ref. [14]
for weak interactions between electrons (Fig.1). At T = 0 the overlap between the two fractons which constitute the
electron only yields a power-law decay with time; See Eq.(11). But, we cannot rigorously give a ruling on the behavior
of G(Φ) as a function of L since here we both neglect dynamical and finite size effects.
Spinful case.— Let us now briefly discuss the situation of fermions with spin. Here, the electron spectrum exhibits
both spin-charge and chiral decomposition. The plasmon Hamiltonians exhibit the same form as in Eq.(2). We denote
us and uc the plasmon velocities for each sector (in general uc 6= us) while gc and gs are the two Luttinger parameters.
Fractional modes from the charge sector are now described by the operators
C
Qc,±
± (x, t) = e
−i
√
pi
2
Qc,±Θ
c
±(x,t), (15)
where Θc± = θc ∓ φc/gc. Spin excitations SQs,±± are defined in an identical manner, and Qc/s,± = (Q↑ + τQ↓)/2 ±
gc(J↑ + τJ↓)/2; τ = +1 for Qc and τ = −1 for Qs [2]. Suppose we add in a spin-up electron going to the right.
This is a mixed Q↑ = J↑ = 1 and Q↓ = J↓ = 0 excitation, which will then split into four fractional parts. First, a
right-moving charge Qc,+ = (1+ gc)/2 propagating at velocity +uc and a right-moving spin (with a spin component)
Sz+ = Qs,+/2 = (1 + gs)/4 propagating at velocity us. Second, a counter-propagating charge Qc,− = (1 − gc)/2 with
velocity −uc and a counter-propagating spin Sz− = (1 − gs)/4 with velocity −us [16]. We can naturally identify
Ψ†+↑(0, 0) = (C
1+gc
2
+ S
1+gs
2
+ C
1−gc
2
− S
1−gs
2
− )(0, 0). (16)
The lifetime for this spin-up electron going to the right is now defined as
e−t/τF = < (C
1−gc
2
− )
†(x, t)C
1−gc
2
− (0, 0) > × < (S
1−gs
2
− )
†(x, t)S
1−gs
2
− (0, 0) > |x→uct∼ust>0. (17)
We neglect corrections in O(uc − us) assuming not too strong interactions. The probability amplitude to recombine
the four “fractons” (=the injected spin-up electron) at the same point x close to uct ≈ ust, indeed vanishes for t = τF .
A straightforward calculation gives τ−1F ≃ pi(γc + γs)/β where γτ = (gτ + gτ−1)/4 − 1/2. The decoherence length
LF is L
−1
F ≃ piT (γc/uc + γs/us). Equating gc = gs = g and uc = us = u, this corresponds to situations in strong
magnetic field [1]; We nicely reproduce the preceding result for spinless fermions. At zero magnetic field, one gets
gs = 1 and gc = g, and τF becomes maximum because the spin part doesnot split due to SU(2) invariance (Fig.1).
Summary.— We have, in this short paper, derived the first appropriate definition of the electron lifetime in LLs
based on the correct fractionalization picture. For strong enough interactions, we find (TτF ) = g ≪ 1: This really
traduces that the electron is not a good Landau quasiparticle. Approaching the aboslute zero, the electron lifetime
drastically increases reflecting that the wave packets of the fractionally-charged modes become very extended. We
still emphasize that τF ∝ 1/T can be detected, from AB type experiments, in any ballistic 1D system described by
a Luttinger theory. We think that this provides a clear understanding of the “dephasing” time(s) recently observed
in small 1D ballistic rings [10] and in multi-walled carbon nanotubes above 10-20K [11]. Again, although we use the
word “dephasing” time, here the reduction of AB oscillations must be related to the electron fractionalization and
not to loss of (electron) phase coherence. We will ponder the effect of coupling to an external environment elsewhere
[17]. It would also be worth to focus on the lifetime of the fractional quasiparticles in LLs.
We would like to thank M. Bu¨ttiker, A. Hansen, L. Ioffe, K.-V. Pham, C. Scho¨nenberger, and G. Seelig for
discussions. This work was supported by the Swiss National Science Foundation.
[1] F. D. M. Haldane, J. Phys. C 14, 2585 (1981); H.-J. Schulz, in Mesoscopic Quantum Physics, Les Houches LXI, ed. by E.
Akkermans et al. (Elsevier, Amsterdam, 1995).
[2] K.-V. Pham, M. Gabay, and P. Lederer, Phys. Rev. B 61, 16397 (2000).
[3] V. J. Goldman and B. Su, Science 267, 1010 (1995); L. Saminadayar et al., Phys. Rev. Lett. 79, 2526 (1997); R. de
Picciotto et al., Nature 389, 162 (1997).
[4] C. Bena, S. Vishveshwara, L. Balents, and M. P. A. Fisher, Journal of Stat. Phys. 103, 429 (2001).
4
[5] The current is JR = u(Q+ − Q−) = g(uJ); uJ would be the current carried by the electrons. Applying a difference of
potential V between the two extremities of the sample produces (uJ) = V Go where Go = e
2/h. Then, JR = V G with
G = ge2/h.
[6] But, if one correctly involves the role of the “contacts”, a total charge 1 is perfectly transmitted at long time as a sequence
of partial charges and G = e2/h : I. Safi, Annales de Physique 22, 463 (1997).
[7] An attempt has been done in W. Apel and T. M. Rice, J. Phys. C Solid State Phys., 16 (1983) L271-L273 (Nonetheless,
the authors assumed that the electron propagates at vF in LLs).
[8] A. Yacoby et al., Phys. Rev. Lett. 66, 1938 (1991).
[9] For a review on phase-breaking mechanisms occurring in higher dimensions, see B. L. Altshuler, A. G. Aronov, and D.
Khmelnitskii, J. Phys. C 15, 7367 (1982).
[10] A. E. Hansen et al., Phys. Rev. B 64, 045327 (2001).
[11] A. Bachtold et al., Nature 397, 673 (1999) and C. Scho¨nenberger et al., Appl. Phys. A 69, 283 (1999). At low T, there is a
good agreement with the weak-localization theory of quasi-1D diffusive systems, i.e., τφ ∝ T
−2/3. But, for T > 10− 20K,
there is a crossover to a quasi-ballistic regime: From the observed Thouless length Lφ =
√
Dτφ ∝ T
−1/2, the T-dependence
of τφ becomes 1/T. We argue that this is reminiscent of the clean LL behavior occurring at higher T.
[12] In particular, one cannot use the spectral function A(q, ω) to compute the electron lifetime: By Fourier transforming the
electron Green function, one does not get a quasiparticle peak but instead a complicated continuum with singularities.
[13] Here, Ψˆ+(x, t) =
∑
q
cq(t)e
iqx refers to the operator of a right-mover in the absence of fractionalization (but u 6= vF ). For
x→ ut, we get the finite quantity
Go+(x, t) = < Ψˆ+(x, t)Ψˆ
†
+(0, 0) > ∝ [ sinh(
pi
β
[t−
x
u
])]
−1
= [t−
x
u
]−1 ≈ < (L
1+g
2
+ )
†(x, t)L
1+g
2
+ (0, 0) > . (18)
[14] G. Seelig and M. Bu¨ttiker, Phys. Rev. B 64, 245313 (2001).
[15] Ya. M. Blanter, F. W. J. Hekking, and M. Bu¨ttiker, Phys. Rev. Lett. 81, 1925 (1998).
[16] In general, these are not the “holon” and “spinon” described by C±(Qc,± = 1) and S±(S
z
± = 1/2) [2] (which are pure
charge or spin process: J↑ = J↓ = 0!).
[17] Karyn Le Hur and Eric Lutz, in preparation.
5
